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Abstract
For a constant power output, the mean ascent speed (VAM) increases monotonically with
the slope. This property constitutes a physical background upon which various strategies for
the VAM maximization can be examined in the context of the maximum sustainable power as
a function of both the gear ratio and cadence.
1 Introduction
In this paper we consider a mathematical model that accounts for power-meter measurements along
a steady uphill to show that — in accordance with this model — the VAM (velocita` ascensionale
media), which is the mean ascent speed, increases monotonically with the slope.
We begin this paper by presenting a model to account for the power required to maintain a given
ground speed. Subsequently, we express VAM in terms of the ground speed and the slope. We
proceed to prove that — for a given power — VAM increases monotonically with the slope. To gain
an insight into this result, we examine a numerical example wherein we vary the values of cadence
and gear ratio. We conclude by suggesting possible consequences of our result for VAM-maximization
strategies.
2 Power
A standard mathematical model to account for the power required to propel a bicycle with speed V
is (e.g., Danek et al., 2020)
P = F← V (1)
=
gravity︷ ︸︸ ︷
mg sin θ +
change of speed︷ ︸︸ ︷
ma +
rolling resistance︷ ︸︸ ︷
Crr mg cos θ︸ ︷︷ ︸
normal force
+
air resistance︷ ︸︸ ︷
1
2 ηCdA ρ ( V + w←︸ ︷︷ ︸
air flow speed
)2
1− λ︸ ︷︷ ︸
drivetrain efficiency
V ,
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where F← stands for the forces opposing the motion and V for the ground speed. Herein, m is the
mass of the cyclist and the bicycle, g is the acceleration due to gravity, θ is the slope of a hill, a is the
change of speed, Crr is the rolling-resistance coefficient, CdA is the air-resistance coefficient, ρ is the
air density, w← is the wind component opposing the motion, λ is the drivetrain-resistance coefficient,
η is a quantity that ensures the proper sign for the tailwind effect, w← < −V ⇐⇒ η = −1 ,
otherwise, η = 1 .
To consider a steady ride, a = 0 , in windless conditions, w = 0 , we write expression (1) as
P =
mg sin θ + Crrmg cos θ +
1
2 CdA ρ V
2
1− λ V . (2)
3 VAM
Commonly, VAM is stated as a mean ascent speed per hour. Since expressions (1) and (2) are
commonly expressed in the SI units, let us define
VAM := 3600V (θ) sin θ . (3)
As we proceed to prove, for a given value of P , VAM, is a monotonic function of θ ; hence, there is
no maximum.
Setting the power to be P = P0 , and using expression (2), we write
V 3 +A(θ)V +B = 0 , (4)
where
A(θ) =
mg
1
2CdA ρ
(sin θ + Crr cos θ) , (5a)
B = − (1− λ)P01
2CdA ρ
, (5b)
to state the following theorem.
Theorem 1. For a constant power output, P = P0 , V (θ) sin θ increases monotonically for 0 6 θ 6
pi/2 .
Proof. Expressions (4), (5a) and (5b) determine V = V (θ) . Then,
d
dθ
(V (θ) sin θ) = V ′(θ) sin θ + V (θ) cos θ , (6)
where ′ is a derivative with respect to θ . The derivative of expression (4) is
3V 2(θ)V ′(θ) +A′(θ)V (θ) +A(θ)V ′(θ) = 0 ,
from which it follows that
V ′(θ) = − A
′(θ)V (θ)
3V 2(θ) +A(θ)
. (7)
Using expression (7) in expression (6), and simplifying, we obtain
d
dθ
(V (θ) sin θ) = V (θ)
3V 2(θ) cos θ −A′(θ) sin θ +A(θ) cos θ
3V 2(θ) +A(θ)
. (8)
2
Upon using expression (5a), the latter two terms in the numerator of expression (8) simplify to
−A′(θ) sin θ +A(θ) cos θ = mg1
2CdA ρ(
− (cos θ − Crr sin θ) sin θ
+ (sin θ + Crr cos θ) cos θ
)
=
mgCrr
1
2CdA ρ
.
Hence,
d
dθ
(V (θ) sin θ) = V (θ)
3V 2(θ) cos θ +
mgCrr
1
2CdA ρ
3V 2(θ) +A(θ)
> 0 , 0 6 θ 6 pi
2
, (9)
as required. Since expression (9) is positive, VAM is a monotonically increasing function of θ , within
the range of interest.
From this theorem, it follows that the steeper the incline that a rider can climb with a maximum
power output, the greater the value of VAM; there is no θ that maximizes expression (3). Hence —
based on expression (2), alone — we cannot specify the optimal slope to maximize VAM. To examine
such a question, one needs to include other considerations.
For instance, we can consider P = f v , where f is the force applied to the pedals and v is the
average circumferential speed of the pedals. To proceed, let us specify `c , which is the crank length,
gr , which is the gear ratio, rw , which is the wheel radius, and c , which is the cadence, with all
quantities expressed in the SI units. Hence, the circumferential speed is
v = 2pi `c c , (10)
with the corresponding ground speed of
V = 2pi rw c gr , (11)
which allows us to examine VAM as a function of the cadence and gear ratio.
4 Numerical example
4.1 Formulation
Let us consider the following values. For the bicycle-cyclist system, m = 111 , CdA = 0.2702 ,
Crr = 0.01298 , λ = 0.02979 . For the bicycle, `c = 0.175 , gr = 1.5 and rw = 0.335 . For the external
conditions, g = 9.81 and ρ = 1.16826 .
Let us suppose that the power output that the rider keeps during a climb is P0 = 375 and that the
cadence is c = 1 , which — in accordance with expression (10) — results in v = 1.0996 . The force
that the rider must apply to the pedals is f = 341.0463 . In accordance with expression (11), the
ground speed is V = 3.1573 .
Inserting this value of V into expression (4), we obtain
45.9957 cos θ + 3543.5790 sin θ − 369.8799 = 0 ,
whose solution is θ = 0.0916 , which results in VAM = 1039.5 ; herein, θ corresponds to a grade of
9.1840 % .
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Figure 1: VAM as function of c gr
4.2 VAM as a function of cadence and gear ratio
Let us consider the effect on the value of VAM due to varying the cadence and gear ratio. To do so,
we use expression (11) in expressions (3) and (4) to obtain
VAM = 7577.5215 c gr sin θ (12)
and
1.5171 (c gr)
3 + 30.6638 c gr cos θ + 2362.3863 c gr sin θ − 375 = 0 , (13)
respectively. In both expressions (12) and (13), c and gr appear as a product.
For each c gr product, we solve equation (13) to obtain the corresponding value of θ , which we use
in expression (12) to calculate the VAM. We consider c gr ∈ [0.5 , 3.75] ; the lower limit can represent
c = 0.5 , which is 30 rpm, and gr = 1 ; the upper limit can represent c = 1.5 , which is 90 rpm, and
gr = 2.5 . Examining Figure 1, we conclude that lowering c gr increases the slope of the climbable
incline and, hence — for a constant value of power — increases the VAM, as expected in view of
Theorem 1.
The VAM is determined not only by the power output sustainable during a climb, but also the
steepness of that climb. As stated in Theorem 1, the steeper the slope that can be climbed with a
given power, the greater the VAM. Hence, as illustrated in Figure 1, the highest value corresponds
to the lowest cadence-gear product. A maximization of VAM requires an optimization of the force
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applied to the pedals and their circumferential speed, along a slope, in order to maintain a high
power.
5 Conclusions
The presented result constitutes a physical background upon which various strategies for the VAM
maximization can be examined, in the context of physiological considerations, in particular, an
examination of the maximum sustainable power as a function of both the force applied to the pedals
and their circumferential speed. One might choose a less steep slope to allow a higher c gr product,
whose value allows to generate and sustain a higher power.
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